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The Bethe theory of electron diffraction is used to calculate reflection electron diffraction inten-
sities for mediiim and high energy electrons. A generalized Hill's determinant method is used for 
•he numencal calculations instead of the more common but slower matrix-eigenvalue technique. 
Results of a "systematics" calculation of the specular intensity as a function of incident angle are 
compared with some experimental values for the Si (111) surface. The application of the Bethe 
theory to crystals where the surface structure differs from the bulk is also considered. 

1 . I n t r o d u c t i o n 

T h e B e t h e t h e o r y 1 o f e l e c t r o n d i f f r a c t i o n , s o use-
fu l in T r a n s m i s s i o n m i c r o s c o p y ( T M ) s tud ies 2 , has 
a lso b e e n u s e d f o r c a l c u l a t i n g r e f l e c t i o n e l e c t r o n d i f -
f r a c t i o n i n t e n s i t i e s 3 - 5 . T h e in f in i te n u m b e r o f d y -
n a m i c a l e q u a t i o n s o b t a i n e d f r o m the t h e o r y is first 
r e d u c e d to a f in i te n u m b e r N in a m a n n e r s i m i l a r 
to that u s e d in T M c a l c u l a t i o n s . T h e s e N c o u p l e d 
e q u a t i o n s o f s e c o n d o r d e r in the w a v e v e c t o r c o m -
p o n e n t n o r m a l to the c r y s t a l s u r f a c e m a y b e t rans -
f o r m e d i n t o a 2 N x2 N m a t r i x e i g e n v a l u e e q u a -
t i o n 5 . ( T h e s m a l l l i n e a r i s a t i o n a p p r o x i m a t i o n s o f 
T M are n o l o n g e r v a l i d f o r r e f l e c t i o n c a l c u l a t i o n s . ) 
B l o c h w a v e c o m p o n e n t s c o r r e s p o n d i n g to each o f the 
2 N e i g e n v a l u e s are then c a l c u l a t e d a n d the a m p l i t u -
des o f the v a r i o u s B l o c h w a v e s are f o u n d f r o m the 
b o u n d a r y c o n d i t i o n ( B C ) e q u a t i o n s . H e r e a d i f f i -
cu l ty ar i ses . I n the t r a n s m i s s i o n c a s e t h e r e a r e e x -
ac t ly e n o u g h B C e q u a t i o n s t o p r o v i d e s o l u t i o n s f o r 
all u n k n o w n quant i t i e s . I n the r e f l e c t i o n c a s e this is 
n o l o n g e r s o . T h i s p r o b l e m ar i ses b e c a u s e s o m e o f 
the e i g e n v a l u e s are p h y s i c a l l y e q u i v a l e n t t o each 
o t h e r a n d thus p r o d u c e i d e n t i c a l B l o c h w a v e c o m -
p o n e n t s . If the a m p l i t u d e s o f the B l o c h w a v e s as-
s o c i a t e d w i t h these e q u i v a l e n t e i g e n v a l u e s are then 
treated as s e p a r a t e a n d d i s t i n c t u n k n o w n q u a n t i t i e s , 
then it is n o t s u r p r i s i n g that there a r e i n s u f f i c i e n t 
B C e q u a t i o n s . T h u s to c a l c u l a t e the r e f l e c t e d intens i -
ties u s i n g m a t r i x e i g e n v a l u e t e c h n i q u e s o n e e i g e n -
v a l u e f r o m each set s h o u l d b e c h o s e n a n d o n l y these 
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e i g e n v a l u e s s h o u l d b e used to c a l c u l a t e the B l o c h 
w a v e c o m p o n e n t s a n d a m p l i t u d e s . 

U n f o r t u n a t e l y , b e c a u s e o f the e q u i v a l e n c e o f 
m a n y o f the e i g e n v a l u e s , m a t r i x e i g e n v a l u e techni -
q u e s a r e i n e f f i c i e n t in use o f c o m p u t e r t i m e . E i g e n -
v a l u e a l g o r i t h m s g e n e r a l l y c a l c u l a t e all e i g e n v a l u e s 
e v e n t h o u g h o n l y o n e f r o m each set o f e q u i v a l e n t 
e i g e n v a l u e s is r e q u i r e d in the intens i ty c a l c u l a t i o n . 
A m o r e e f f i c i e n t p r o c e d u r e in such cases is the g e n -
e r a l i z e d H i l l ' s d e t e r m i n a n t m e t h o d p r o p o s e d b y 
LAMLA 6 ' 7 . 

T h i s art ic le d e s c r i b e s the d e v e l o p m e n t o f the 
H i l l ' s d e t e r m i n a n t ( H D ) a p p r o a c h , s h o w i n g h o w 
the p r o b l e m o f e q u i v a l e n t e i g e n v a l u e s ar i ses , is re-
s o l v e d a n d e f f i c i e n t l y s o l v e d . A s f a r as p o s s i b l e 
L a m i a s n o t a t i o n h a s b e e n r e t a i n e d . T h e a p p l i c a t i o n 
o f the Be the t h e o r y to c rysta ls w h e r e the s u r f a c e 
s t r u c t u r e d i f f e r s f r o m the b u l k is a l so d i s c u s s e d . 

2 . B e t h e T h e o r y 

A n e l e c t r o n i n c i d e n t o n a c r y s t a l finds i tsel f in a 
r e g i o n o f po tent ia l V ( f ) . F o r an e l e c t r o n o f e n e r g y 
E ( e V ) the S c h r o e d i n g e r e q u a t i o n is 

( 2 me/h2)(E+V) W = 0 ( 1 ) 

w h i c h has s o l u t i o n in v a c u u m 

V = e x p { - 2 TI i fca • r} , 
w h e r e | fca | = 1/A ^ VE/150 A " 1 . T h e p r i m i t i v e 
t r a n s l a t i o n s o f the crysta l latt ice , ß . , , a 3 a r e s o 
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c h o s e n that a x , a 2 l ie o n the b o u n d a r y p l a n e o f the 
c r y s t a l s u r f a c e . T h e c o r r e s p o n d i n g v e c t o r s o f the 
r e c i p r o c a l net are d e f i n e d b y b,- = Clj x ttj{/Q , w h e r e 
Q = a, • Clj x (Ik • A r i ght h a n d c a r t e s i a n c o o r d i n a t e 
s y s t e m is c h o s e n such that the b o u n d a r i e s o f the 
c r y s t a l a r e d e f i n e d b y z = 0 a n d z = D ( w h i c h m a y 
b e finite o r i n f i n i t e ) . T h e po tent ia l V p o s s e s s e s the 
la t t i ce p e r i o d i c i t y a n d m a y b e e x p a n d e d in a F o u -
r i e r se r i e s 

(2meV/h2) = Zvgexp{-27iib(/-r} (2) g 

w h e r e g r e p r e s e n t s the n u m b e r t r ip le such that 
bp = 9i + ffo b-2 + 9% • T h e w a v e f u n c t i o n m a y 
b e e x p a n d e d as a l inear c o m b i n a t i o n o f B l o c h w a v e 
e x p r e s s i o n s o f the f o r m 

xp = 2 TYG e x p ( — 2 TI i kg • !*} ( 3 ) 
s 

w h e r e kg = k0 + bg . S u b s t i t u t i o n o f the e x p r e s s i o n s 
f o r XF a n d V i n t o ( 1 ) y i e lds ( a f t e r r e a r r a n g e m e n t ) 

2{(kgn*~ 1) dgk-PHtfivg-tiwu^0, (4) h 
w h e r e d g h is the K r o n e c k e r <5-function. T h e c o n d i -
t i o n f o r s o l u t i o n o f the ( i n f i n i t e ) e q u a t i o n s y s t e m 
is the v a n i s h i n g o f the d e t e r m i n a n t o f the c o e f f i -
c i e n t s 

de t | (kg2 X2 - 1 ) DGH - / 2 / 4 JI2 vg-h | = 0 . ( 5 ) 

T h e X- a n d Y - c o m p o n e n t s o f k0 ( c r y s t a l ) a r e wr i t -
ten as ajX, ßJX (A is the v a c u u m w a v e l e n g t h ) a n d 
the Z - c o m p o n e n t as xJX. D e f i n i n g 

Qa = t V = * (di hix + 92 b-2X)» (6 a) 
oa = X bgy = X (gt bf> + g, b2V) a n d ( 6 b ) 

xg = Xbgz =l(gibiz + g2b2z + g3bsz) (6 c) 
t h e n 

K = (<*gß, ßg/X, xg/X) 
w h e r e 

ag = a0 + Qg, ßg = ß0 + og a n d xg = x0 + xg. 
N o w kg 2 X2 — 1 m a y b e rewr i t ten as 

x 9~~Yg 2 = (*o + *g)2~Yoi 

w h e r e 
y g = + V l - a g * - ß g 2 ( 7 ) 

and writing vQ /t2/4 n2 = q= V/E and vg = agv0 the 
d y n a m i c a l e q u a t i o n s m a y b e rewr i t t en as 

2 [((*0 + ro)i~Yg2) ögh-aa-h] Vh = 0 (8) 
h 

w h i c h h a v e a s o l u t i o n p r o v i d e d 

d e t ! [ ( ( : r 0 + r g ) 2 - Y g 2 ) K h - a g . h q \ | = 0 . ( 9 ) 

D i s t i n g u i s h i n g the v a r i o u s s o l u t i o n s z 0 o f this e q u a -
t i o n b y the i n d e x i the w a v e f u n c t i o n i n the i n t e r i o r 
m a y b e wr i t ten as 

V = Iv> igexp{-27ii/X(agX + ßgY + xgiZ)} . 

(10) 

N o w a p l a n e w a v e ( d i r e c t i o n c o s i n e s a, ß, y a n d 
a m p l i t u d e 1 ) h a s w a v e f u n c t i o n 

Wa = exp{-2n i/X(aX + ßY + yZ)}. (11) 

C o n t i n u i t y c o n d i t i o n s at the s u r f a c e r e q u i r e that 

« 0 = a a n d ß0 = ß 

a n d thus ag = a + gg a n d ßg = ß + og . 

N o w b e c a u s e o f the e x i s t e n c e o f the w a v e s kg in the 
c r y s t a l d i f f r a c t e d w a v e s a p p e a r in the v a c u u m wi th 
w a v e v e c t o r s ag/X, ßg/X, + yg/X w h e r e yg is de ter -
m i n e d b y E q u a t i o n ( 7 ) . T h e n e g a t i v e s i g n c o r r e -
s p o n d s to a r e f l e c t e d w a v e a n d the p o s i t i v e s i g n to 
the t r a n s m i t t e d w a v e . T h e w a v e f u n c t i o n ( i n v a c u -
u m ) f o r the r e f l e c t e d w a v e ( Z 0 ) is 

YR=I<pgexp{-2ni/X(agX + ßgY-ygZ)} (12) g 

a n d f o r the t r a n s m i t t e d w a v e ( Z ^ D) 

VT = 2 ^G e x p { —2 JI i/X (ag X +ßgY + ygZ)}. 
9 

( 1 3 ) 

T h e r e q u i r e m e n t s o f c o n t i n u i t y o f the w a v e f u n c t i o n 
a n d its n o r m a l d e r i v a t i v e o n the u p p e r s u r f a c e Z — 0 
y i e l d s the e q u a t i o n s 6 

1 + = 2 V'ooga , y ( 1 - V o ) = 2 4 g 3 v l o g 3 ' 

9i' 92 ~ ® ( 1 4 ) 

a n d 

<Pg = 2 ' / V ( 1 5 ) 
9a. » 

~ Yg 1Pg = 2 Xgx Vg f ° r o t h e r cases . 
9»« 

O n the l o w e r s u r f a c e Z = D the c o r r e s p o n d i n g e q u a -
t i o n s a r e f o u n d 

<Pg e x p { -2 TI i/X yg D} = 2Wa e x p { — 2 7t i/X xgl D} , 
95. i (16) 

yg®g exp{ — 2 71 i/X ygD} 

= 2 V W e x p { - 2 n i/X xg{ D} . ( 1 7 ) 
9i, i 

E l i m i n a t i n g the q u a n t i t i e s 0 g a n d cpg f r o m these 
e q u a t i o n s the b o u n d a r y c o n d i t i o n e q u a t i o n s a r e o b -



ta ined . 

2 {Vg + V ) W = 2 7 f o r gl, g.2 = 0 

= 0 f o r all o ther cases ( 1 8 ) 

2 ( Y g - x J ) v V e x p { - 2 nißxjD) = 0 . ( 1 9 ) 
S'a. » 

F r o m the d i r e c t i o n cos ines a , ß, y o f the inc ident 
w a v e the ( in f in i te ly ) m a n y c o r r e s p o n d i n g d i re c -
t ions ag, ßg , o f the d i f f r a c t e d w a v e v e c t o r in 
v a c u u m are ca l cu lated . T h e v a r i o u s are calculat -
ed f r o m E q . ( 9 ) and back-subst i tut ion into the dy -
n a m i c a l e q u a t i o n s ( 8 ) p r o v i d e s the rat ios v V / v V ' 
T h e 

i/'o' are ca l cu lated f r o m the B C e q u a t i o n s ( 1 8 ) 
and ( 1 9 ) , and finally the a m p l i t u d e s o f the re f lected 
a n d transmitted waves are ca l cu la ted f r o m the E q u a -
t ions ( 1 4 ) — ( 1 6 ) . If a b s o r p t i o n p r o c e s s e s are in-
c l u d e d in the d e s c r i p t i o n o f the potent ia l , a n d p r o -
v i d e d D is su f f i c i ent ly large , all <$>g wi l l b e ze ro 
and thus o n l y those x 0 ' c o r r e s p o n d i n g to w a v e s p r o -
p a g a t i n g d o w n into the crystal n e e d b e c o n s i d e r e d . 

If the ca l cu lat ion is l imited to N d i f f e rent g val-
ues ( i n c l u d i n g g = 0 ) then the de te rminant ( 9 ) is 
o f o r d e r N and y ie lds then an e q u a t i o n o f o r d e r 2 N 
f o r r 0 . T h e so lu t i on o f an e q u a t i o n 

det ( < ? - £ : * ; + a ; 2 ) = 0 , 

such as E q . ( 9 ) , is p r o v i d e d b y the e i g e n v a l u e so lu-
t ions o f the e q u a t i o n 

det 
B-xI -Q 

I 0-xl = 0 (20) 

w h e r e the matr i ces B, Q, I, 0 are o f o r d e r N, and / 
and 0 are the ident i ty and nul l m a t r i c e s respect ive -
ly 5 . T o each o f the 2 N va lues x0l c o r r e s p o n d N 
values Xg and thus there are , in t o to , 2 N2 va lues 
xgl and c o r r e s p o n d i n g l y 2 N2 va lues y j ( 2 N w a v e 
fields each with N w a v e s ) . F r o m ( 8 ) the ipg m a y b e 
expressed as rat ios o f the t/»0® l e a v i n g 2 N xp0! to b e 
f o u n d f r o m the B C E q s . ( 1 8 ) a n d ( 1 9 ) . T h e totality 
o f these equat i ons is twice the n u m b e r o f d i f f erent 
pa i rs (g1, g2) a n d is equal to 2 N o n l y i f , o f the N 
n u m b e r triples o r i g i n a l l y chosen , n o t w o tr iples are 
such that they d i f f e r only in their g3 va lues . If such 
n u m b e r tr iples d o o c c u r then the n u m b e r o f B C 
equat i ons is insuf f i c i ent to s o l v e f o r all u n k n o w n s . 
T h i s p r o b l e m arises b e c a u s e the e igenva lues with 
n u m b e r triples d i f f e r ing o n l y in their g3 va lues are 
phys i ca l l y equiva lent to each o ther , a n d i n c l u d i n g 
them in the ca l cu la t i on m e a n s c o u n t i n g the same 
B loch w a v e m o r e than o n c e . If m a t r i x e i g e n v a l u e 

techniques are used to ca lculate the e igenvalues o n l y 
one e i g e n v a l u e f r o m each set o f equiva lent e igen-
va lues s h o u l d b e used . 

It is a s s u m e d o f c o u r s e that N was chosen large 
e n o u g h to ensure that the e igenvalues h a d c o n v e r g e d 
in va lue . F o r re f lec t ion ca lcu lat ions the genera l i zed 
H i l l ' s d e t e r m i n a n t 6 , 7 m e t h o d is a m o r e e f f i c ient 
technique in cases where m a n y n u m b e r triples must 
b e i n c l u d e d which d i f fer o n l y in their g3 va lues . 

3. The Hill 's Determinant Method 

T h e d y n a m i c a l equat i ons ( 8 ) m a y b e rewrit ten as 

V* = 0 ( 2 1 ) 
o ag - h 

V ' e I (x + tg + 9 3 ) 2 ~Cg 2 

w h e r e 

Q = q/c2, x = x0/c, tg = l{g1b1z + g.2b2z), c = lbzs 

(22) 

and 
C g 2 = ( 7 g 2 + q ) / c 2 . ( 2 3 ) 

T h e quant i t ies a0 = vg/v0 are such that the s u m 

2 Q cig is abso lute ly c o n v e r g e n t . T h e e q u a t i o n sys-
h 
tem ( 2 1 ) has so lut i ons p r o v i d e d the determinant 
A1(x) o f the c o e f f i c i e n t vanishes . If o n l y three pa i rs 
( 9 1 ' 92) need b e c o n s i d e r e d ( 0 , G and H), then 
this de terminant A1 ( x ) m a y b e written as 7 

1 
— a-1 Q 

{x-l)2-c02 

~ai 9 
(.r—0)2 —Cq2 1 

-OC + I Q 

. — Q - G - l g 
( z - l ) 2 - c 0 2 

— a - G 9 
(x-0 ) 2 - c 0 2 

{x + tG)2~CG2 

— ail +1 9 
_ (x + tll)2 — cir 

( 2 4 ) 

A p a r t f r o m s i m p l e po les at the pos i t i ons 

x=±c0 + n, ±cg — tg + n and ± ch -th + n 
(n any integer ) 

this inf inite de terminant is u n c o n d i t i o n a l l y c o n v e r -
gent , s ince the p r o d u c t s o f the main d i a g o n a l ele-
ments ( = 1 ) and the s u m o f all e lements not o n the 
m a i n d i a g o n a l are abso lute ly c o n v e r g e n t ( b e c a u s e 



o f the c o n v e r g e n c e o f the s u m s S o a s a n d 2 l/n2) 8. 
9 

I n a d d i t i o n Ax ( z ) is a s i m p l e p e r i o d i c f u n c t i o n o f x 

w i t h p e r i o d 1 . T h u s if x is a s o l u t i o n o f the e q u a t i o n 
A1 ( z ) = 0 then s o is x + n, w h e r e n is a n y i n t e g e r . 
T h e s e s o l u t i o n s x(+n) a re p h y s i c a l l y e q u i v a l e n t . 
T h e s i m p l e s t p e r i o d i c f u n c t i o n o f x w i t h p e r i o d 1 
a n d s i m p l e p o l e s at the p o i n t s x = ± c 0 + n is the 
f u n c t i o n c o t TI (x + c 0 ) . If c ons tants A0, B0, AQ , BQ , 

Ah, B n , e tc . , a r e d e t e r m i n e d such that the f u n c t i o n 

/ («) = (x) - I {Ag COt 71 (X+tg- Cg) 
9 

+ Bg COt 71 (x+tg + Cg ) } (25) 
h a s n o p o l e s at the p o s i t i o n s ± c 0 , — tg + cg, e tc . , 
t h e n f ( x ) has n o p o l e s at all , a n d is a s i m p l e p e r i -
o d i c f u n c t i o n o f x w h i c h r e m a i n s f in i te at i n f i n i t y . 
A s a resu l t , a c c o r d i n g to L i o u v i l l e ' s t h e o r e m 8 f(x) 

is a c o n s t a n t , w h o s e v a l u e m a y b e f o u n d ( b y c o n -
s i d e r i n g the l imi t + i oo) as e q u a l to 1 . T h e 
c o e f f i c i e n t s Ag, Bg, e tc . , are then f o u n d to sa t i s f y 
the c o n d i t i o n 2 ( A g + Bg) = 0 . T h e s o l u t i o n s o f 

9 
the e q u a t i o n A^(x) = 0 are then f o u n d as s o l u t i o n s 
o f the p o l y n o m i a l e q u a t i o n 

1+2 {A0 COt 71 {X + tg- Cg) 
o 

+ Bg COt 71 (x + tg + Cg) } = 0 . ( 2 6 ) 

T h e c o e f f i c i e n t s Ag, Bg m a y s i m p l y b e f o u n d b y ex-
p a n d i n g ( 2 6 ) in the v i c i n i t y o f x = cg — tg , e tc . , a n d 
thus 

Ag= TI Lt [{x + tg- cg) A1 (x) ] 
X —^ Cg tg 

a n d Bg= TI Lt \_(x + tg + cg) At ( * ) ] . ( 2 7 ) 
— Cg — tg 

It is a s s u m e d that ± c 0 a n d ± cg — tg d i f f e r b y m o r e 
t h a n a n in teger . T h e d e t e r m i n a n t s m a y b e e v a l u a t e d 
c o n v e n i e n t l y u s i n g the G a u s s i a n e l i m i n a t i o n p r o c e -
d u r e 9 . T h e o r d e r o f the d e t e r m i n a n t is i n c r e a s e d 
unt i l c o n v e r g e n c e o f the c o e f f i c i e n t s ( t o w o r k i n g ac -
c u r a c y ) is a c h i e v e d . T h e a p p r o x i m a t i o n s u g g e s t e d 
b y LAMLA 7 f o r the e v a l u a t i o n o f the c o e f f i c i e n t s 
[ e x p a n s i o n o f ( 2 7 ) in p o w e r s o f £>2] is i n s u f f i c i e n t -
ly a c c u r a t e , at least f o r the l o w o r d e r e x p a n s i o n . 

F o r a c e n t r o - s y m m e t r i c c rysta l w h e r e the a 3 ax i s 
is n o r m a l to the c rys ta l s u r f a c e , all tg = 0 a n d 
Ag = — Bg . D e f i n i n g 

y = tan TI X, y0 = tan TI c 0 , yg = tan TI cg , e tc . , 

the E q . ( 2 6 ) r e d u c e s to a b i - c u b i c e q u a t i o n in y, 
o 
2 £ ; ( r r = o . 

i = 0 

If o n l y t w o p a i r s 0 , G n e e d b e c o n s i d e r e d ( 2 6 ) re -
d u c e s to a b i - q u a d r a t i c e q u a t i o n in y, a n d if a " s y s -
t e m a t i c s " c a l c u l a t i o n o n l y is r e q u i r e d [ i . e . , o n l y 
r e c i p r o c a l latt ice p o i n t s ( 0 , 0 , g3) n e e d b e c o n s i d e r -
e d ] then the e q u a t i o n s y s t e m r e d u c e s to a b i - l i n e a r 
e q u a t i o n in y . 

( 1 + 2 A^y^) y2 + (2 A0y0 — y02) = 0 . (28) 

I n the g e n e r a l c a s e w h e r e m a n y p a i r s (g1, g2) m u s t 
b e c o n s i d e r e d a p o l y n o m i a l in y m u s t b e s o l v e d . 
N i c k e l ' s a l g o r i t h m 1 0 r e a d i l y p r o v i d e s the r o o t s o f 
such a g e n e r a l p o l y n o m i a l . 

4 . A n A p p l i c a t i o n 

T h e simplest app l i cat ion of this theory is to the 
" s y s t e m a t i c s " case . If it is poss ib le to choose azimuth 
angles exper imenta l ly so that the inter ference f r o m 
non-systematic d i f f r a c t e d b e a m s is greatly minimized , 
then in the theoretical ca l cu la t ion only those rec iproca l 
lattice ( R L ) points ly ing on the 00-rod (the R L rod 
through the R L point 0 0 0 and normal to the sur face ) 
need b e cons idered . T o ca lcu late the Four ier coef f i -
cients of the potential , D o y l e - T u r n e r parameters 11 were 
used for the e lectron scattering factors . T h e approx ima-
tions inherent in the ca l cu lat ions leading to these para-
meters should remain val id f o r both M E E D (1 — 10 
k e V ) and R H E E D ( 1 0 - 5 0 k e V ) energy regions . ( T h e 
l ikely advantages of M E E D over both R H E E D and 
L E E D have been po inted out e lsewhere 1 2 . ) T h e effect 
of absorpt ion on the intensity may be inc luded by 
means of an imaginary part aded to the potential coef f i -

Fig. 1. A "systematics" calculation of the specular intensity 
as a function of incident angle compared with the experimen-
tal values of M E N A D U E 13 for the Si (111) surface. The in-
cident energy is 40 keV and the inner potential is 12 V for 
curve 1 and 8 V for curve 2. The origin has been displaced in 

curve 2 so that the peak position still coincide. 



c ients . I n the a b s e n c e of g o o d t h e o r e t i c a l v a l u e s the ab -
sorpt ive p a r t o f the po tent ia l m a y b e t reated as a p a r a -
m e t e r in the c a l c u l a t i o n s . 

F i g u r e 1 is a c o m p a r i s o n o f the e x p e r i m e n t a l resu l ts 
o f MENADUE 1 3 f o r the Si ( 1 1 1 ) s u r f a c e w i th a " s y s -
t e m a t i c s " c a l c u l a t i o n . T h e i n c i d e n t e n e r g y w a s 4 0 k e V . 
T o p r o v i d e best a g r e e m e n t wi th the 5 5 5 p e a k V0, the 
inner po tent ia l , w a s chosen as 1 2 v o l t a n d F i m a g i n a r y 
w a s c h o s e n as F r e a l / 8 . 0 to a c c o u n t f o r a b s o r p t i o n . A 
D e b y e p a r a m e t e r o f 0 . 5 Ä 2 w a s a s s u m e d . U s i n g the H D 
m e t h o d each intensi ty p o i n t r e q u i r e d o n e s e c o n d c o m -
p u t a t i o n t ime ( u s i n g a C D C 6 4 0 0 c o m p u t e r ) . M a t r i x 
e i g e n v a l u e m e t h o d s (e . g . , the Q R a l g o r i t h m 1 4 ) a r e at 
least an o r d e r o f m a g n i t u d e s l o w e r . T h e d i s c r e p a n c y 
b e t w e e n theory ( c u r v e 1) a n d e x p e r i m e n t , e s p e c i a l l y 
n o t i c e a b l e at very l o w a n g l e s o f i n c i d e n c e , m a y b e at-
t r ibuted to two m a i n f a c t o r s : 

1. N e g l e c t o f non - sys temat i c i n t e r a c t i o n s . T h i s w o u l d 
c a u s e the m i n i m a to b e greater t h a n o b s e r v e d e x p e r i -
m e n t a l l y . T h e p e a k intensit ies s h o u l d no t b e s igni f i -
c a n t l y c h a n g e d b e c a u s e the a z i m u t h a n g l e s w e r e c h o s e n 
e x p e r i m e n t a l l y to m i n i m i z e n o n - s y s t e m a t i c i n t e r a c t i o n s 
at the B r a g g pos i t i ons . 

2 . " S u r f a c e flatness." A t very l o w a n g l e s o f i n c i d e n c e 
there wi l l b e a s ign i f i cant var ia t i on in p e n e t r a t i o n a n d 
r e f r a c t i o n e f f e c t s if the s u r f a c e d e p a r t s at al l f r o m the 
idea l flat state. I n a d d i t i o n , e s p e c i a l l y at v e r y l o w 
a n g l e s , the a b r u p t po tent ia l cut -o f f r e q u i r e d b y the 
B e t h e t h e o r y ( p l a n a r s u r f a c e at Z = 0 ) c a u s e s the re-
f l e c ted intensi ty to b e much l a r g e r than w o u l d b e e x -
p e c t e d f o r a po tent ia l which a c t u a l l y d e c r e a s e s g r a d u -
a l ly . 

C u r v e 2 ( F i g . 1 ) s h o w s the e f f e c t o f d e c r e a s i n g the 
inner potent ia l o n the re f l e c ted intens i ty at l o w a n g l e s . 
( T h e o r i g i n has b e e n sh i f t ed in this c u r v e so that the 
p e a k p o s i t i o n s still c o i n c i d e wi th the e x p e r i m e n t a l p o -
s i t ions . ) S i m i l a r e f f e c t s o c c u r in L E E D c a l c u l a t i o n s 1 5 . 

5. An Extension of the Bethe Theory 
to Non-Perfect Crystals 

T h e c r y s t a l m o d e l a s s u m e d b y t h e B e t h e t h e o r y i s 

a n i n f i n i t e l y ( 3 - D ) p e r i o d i c a r r a y o f s c a t t e r i n g 

u n i t s ( F i g u r e 2 a ) . T h e B C e q u a t i o n s a c c o u n t f o r 

t h e finite n a t u r e o f t h e a c t u a l c r y s t a l b y p r o v i d i n g 

t h e r i g h t l i n e a r c o m b i n a t i o n o f B l o c h w a v e s ( i n f i n i t e 

c r y s t a l s o l u t i o n s ) . I f a b s o r p t i o n i s i n c l u d e d i n t h e 

t h e o r y t h i s l i n e a r c o m b i n a t i o n i s s u c h that t h e e l e c -

t r o n w a v e is s t r o n g l y a t t e n u a t e d w i t h i n t h e first 

f e w l a y e r s o f a t o m s . T h a t is t o s a y , t h e r e f l e c t e d 

i n t e n s i t y i s l a r g e l y u n a f f e c t e d b y t h e c r y s t a l s t r u c -

t u r e b e l o w the first f e w l a y e r s o f a t o m s . B y a p p l y i n g 

t h e B e t h e t h e o r y t o a m o d e l c r y s t a l w h o s e u n i t c e l l 

c o r r e s p o n d s i n s t r u c t u r e t o t h e u p p e r m o s t l a y e r s o f 

t h e a c t u a l c r y s t a l , r e f l e c t i o n c a l c u l a t i o n s c a n b e p e r -

f o r m e d f o r n o n - p e r f e c t c r y s t a l s , i . e . , t h o s e c r y s t a l s 

® 

M & — 

• •• • •• 
• • 

• •• • •• 
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a b 
Fig. 2 a. Perfect crystal with normal unit cell dimensions a. 

Fig. 2 b. Model crystal used for calculations. The unit cell 
now has dimensions 2 a. It is assumed that absorption is so 
strong that the electron beam does not penetrate deeper than 
2 a. The top unit cell of this model crystal corresponds in 
structure to the actual crystal (perfect crystal + adsorbed 

atoms on the surface). 

w h o s e s u r f a c e l a y e r s d i f f e r f r o m t h e b u l k . T h i s 

m o d e l c r y s t a l w i l l h a v e a n e l o n g a t e d u n i t c e l l ( F i g . 

2 b ) a n d r e c i p r o c a l l a t t i c e p o i n t s i n t h e d i r e c t i o n o f 

t h e s u r f a c e n o r m a l w i l l t h u s b e v e r y c l o s e t o g e t h e r . 

T o a c h i e v e c o n v e r g e n c e , m a n y F o u r i e r c o e f f i c i e n t s 

m u s t t h e n b e i n c l u d e d in t h e c a l c u l a t i o n s . W h i l e t h i s 

w o u l d p r e s e n t a s e r i o u s p r o b l e m if m a t r i x - e i g e n -

v a l u e t e c h n i q u e s w e r e u s e d , th i s s h o u l d n o t b e t h e 

c a s e f o r t h e H i l l ' s d e t e r m i n a n t m e t h o d . 

T h i s a p p r o a c h i s f o r m a l l y e q u i v a l e n t t o t h e 

m u l t i - l a y e r s c a t t e r i n g m a t r i x a p p r o a c h s u g g e s t e d f o r 

L E E D 1 6 a n d R H E E D 5 c a l c u l a t i o n s . It c o r r e s p o n d s 

h o w e v e r t o t h e c a s e w h e r e a b s o r p t i o n i s s o s t r o n g 

a n d t h e first l a y e r s o th i ck that t h e b a c k - s c a t t e r i n g 

f r o m t h e s e c o n d a n d s u b s e q u e n t l a y e r s m a y b e 

n e g l e c t e d i n t h e c a l c u l a t i o n s . A c o m p a r i s o n o f t h e s e 

t w o a p p r o a c h e s is n o w u n d e r w a y . 
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Consideration of Lattice Periodicity at the Electron Plasmon Scattering. 1. 

The scattering of electrons by solid-state plasmons is investigated, the system of valence elec-
trons being treated with Green's function method. The lattice periodicity is taken into account for 
the wave field of the incident electrons as well as for the plasma oscillations of the valence elec-
trons. Scattering processes which contain a reciprocal-lattice vector in the momentum balance ap-
pear in addition to the usual inelastic small-angle scattering. Their influence upon the imaginary 
part of the complex scattering potential is discussed. In a following paper, the reason for the 
additional scattering processes will be given in terms of the form of the Fermi surface of the solid. 

E i n l e i t u n g 

B e i d e r E l e k t r o n e n b e u g u n g a n K r i s t a l l e n w e r d e n 
n e b e n d e n e l a s t i s c h g e s t r e u t e n E l e k t r o n e n a u c h d i e 
u n e l a s t i s c h g e s t r e u t e n v o r n e h m l i c h i n d i e d u r c h d i e 
B r a g g - B e d i n g u n g b e s t i m m t e n R e f l e x i o n s r i c h t u n -
g e n g e s t r e u t . D i e s e u n e l a s t i s c h g e s t r e u t e n E l e k -
t r o n e n h a b e n v o r o d e r n a c h d e r e l a s t i s c h e n S t r e u -
u n g a m G i t t e r E n e r g i e d u r c h W e c h s e l w i r k u n g m i t 
d e n F e s t k ö r p e r e l e k t r o n e n v e r l o r e n . S o f ü h r t d i e 
A n r e g u n g v o n P l a s m a s c h w i n g u n g e n d e r F e s t -
k ö r p e r e l e k t r o n e n d u r c h s c h n e l l e E l e k t r o n e n z u r 
u n e l a s t i s c h e n K l e i n w i n k e l s t r e u u n g . D e r W i r k u n g s -
q u e r s c h n i t t f ü r d e n z u l e t z t e r w ä h n t e n P r o z e ß 
w u r d e n a c h d e r B o h m - P i n e s - T h e o r i e v o n FERRELL 1 

b e r e c h n e t . I m w e s e n t l i c h e n b a s i e r e n al le E r -
k l ä r u n g e n d e r E x p e r i m e n t e a u f d e r T h e o r i e d e s 
h o m o g e n e n E l e k t r o n e n g a s e s 2 . D o r t w i r d z u r V e r -
e i n f a c h u n g e i n e d i e l e k t r i s c h e F u n k t i o n e i n g e f ü h r t , 
d i e v o n W e l l e n z a h l u n d F r e q u e n z d e r S t ö r u n g a b -
h ä n g i g i s t . E s w u r d e j e d o c h z u s ä t z l i c h v o n ISHIDA 

* Jetzt Siemens AG. , Berlin, M W B . 
Reprint requests t o : Dr . W . M Ü N C H M E Y E R , Fritz-Haber-
Institut der Max-Planck-Gesellschaft, D-1000 Berlin 33, 
Faraday weg 4—6. 

u . a . 3 u n d C U N D Y 4 e x p e r i m e n t e l l e i n e s c h w a c h e 
A b h ä n g i g k e i t d e r f r e i e n W e g l ä n g e f ü r E l e k t r o n e n 
v o n d e r B r a g g - B e d i n g u n g f e s t g e s t e l l t . I m G e g e n -
s a t z d a z u w u r d e v o n M E Y E R 5 u n d H I R S C H 6 k e i n e 
s o l c h e A b h ä n g i g k e i t a n g e g e b e n . O b u n d i n w e l c h e r 
F o r m b e i d e r E l e k t r o n - P l a s m o n - S t r e u u n g e i n e 
A b h ä n g i g k e i t v o n d e r B r a g g - B e d i n g u n g u n d d a m i t 
v o n d e r G i t t e r s t r u k t u r d e s F e s t k ö r p e r s v o r l i e g t , 
s o l l i n d e r v o r l i e g e n d e n A r b e i t t h e o r e t i s c h g e k l ä r t 
w e r d e n . A u s g e g a n g e n w i r d v o n K A I N U M A S 7 T h e o r i e 
d e r K i k u c h i - L i n i e n u n d YOSHIOKAS 8 T h e o r i e d e r 
a n o m a l e n A b s o r p t i o n s k o e f f i z i e n t e n . E s w e r d e n z u -
n ä c h s t z w e i P r o b l e m e b e h a n d e l t : 

1. E s w i r d u n t e r s u c h t , o b z u s ä t z l i c h z u d e r o b e n 
b e s c h r i e b e n e n e ' a s t i s c h - u n e l a s t i s c h e n Z w e i f a c h -
s t r e u u n g e i n e d i r e k t e u n e l a s t i s c h e S t r e u u n g in d i e 
R e f l e x r i c h t u n g e r f o l g t . E i n e s c h e m a t i s c h e D a r -
s t e l l u n g d i e s e s S a c h v e r h a l t s i s t a u s A b b . 1 z u e n t -
n e h m e n (s. D i s k u s s i o n ) . 

2 . E s w i r d e i n e F o r m e l f ü r d e n I m a g i n ä r t e i l d e s 
k o m p l e x e n S t r e u p o t e n t i a l s a n g e g e b e n , d i e d i e 
w e g e n d e r z u s ä t z l i c h e n S t r e u p r o z e s s e z u er -
w a r t e n d e Ä n d e r u n g d e r A b s o r p t i o n b e s c h r e i b t 
( a n o m a l e A b s o r p t i o n ) . 


